Example Induction proof on
strings derived from Context Free
Grammars




(1) S—>ab (2) S—>ac
(3) S—aSh (4 S—>aSSc

Claim: For any string generated by the grammar G above, the number of a’s will be equal
to the number of b’s plus the number of ¢’s (n, = n, + n,)

Proof by Induction on number of applications of the rules.

Base Case. Suppose the string has been generated with just application of a rule. Then it must have
been generated by (2) or by (3). Thusitis eithera b or a c. In either case, n, = n, + n..
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(1) S—>ab (2) S—>ac
(3) S—=asSh (4 S—-aSSc

Claim: For any string generated by the grammar G above, the number of a’s will be equal to the
number of b’s plus the number of ¢’s (n, = n, + n,)

Induction Hypothesis: Forall k > 1, r < k applications of the rules, the number of a’s (call it k) is
the sum of the number of b’s (k) and the number of ¢’s (k.). k, = k; + k..

Want to prove: For v = k + 1 applications of the rules, n, = n, + n, where n,, n,, n. are the
number of a’s, b’s and c’s in the string generated.

Proof: Consider the first application of the rule. Ifitis (1) or (2), we can’t have another application
sor = 1and we areinterestedinr = k 4+ 1 > 1. So the first rule applied must be (3) or (4).

Let r = k + 1be the number of applications of the rules.

Case 1. The first rule applied is (3). Now the tree T (see diagram) has k
applications of the rule. / { \
A S b

Thus by induction hypothesis, k, = k;, + k..
Butn, =k, +1landn, +n, =k, + k. + 1. Thusn, =n, + n..

We proceed to Case 2 where the first rule applied is (4). @
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(1) S—>ab (2) S>ac
(3) S—=asSh (4 S—-aSSc

Induction Hypothesis: For all kK > 1, r < k applications of the rules, assume the number of a’s (call
it k,) is the sum of the number of b’s (k;) and the number of ¢’s (k.). k, = k; + k..

Want to prove: For r = k + 1 applications of the rules, n, = n, + n. where n,, ny, n. are the
number of a’s, b’s and c’s in the string generated.

Recall that r = k + 1 is the number of applications of the rules

Case 2. The first rule applied is (4). LetthetreesT,and T, (see S
diagram) have r; > 0 and r, > 0 applications of the rules respectively.

Sincer=r+nrn+1,rn<kandr, <k. // \\
O )

By induction hypothesis, the number of a’s is the sum of the number of
b’s and the number of c’s in each of trees T, and T,,.

But ng, n. is one more than the sumofa’sandc’sinT,and T,,

respectively and the number of b’s is the same as the sum of b’sin T, g
and T,.

Thusn, = n, + n..

QED.
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